A Lie group as a 4-dimensional pseudo-Riemannian manifold is considered. This manifold is equipped with an almost product structure and a Killing metric in two ways. In the first case Riemannian almost product manifold with nonintegrable structure is obtained, and in the second case -a pseudo-Riemannian one. Each belongs to a 4-parametric family of manifolds, which are characterized geometrically. (2000): 53C15, 53C50
Preliminaries
Let M be a differentiable manifold with a tensor field P of type (1, 1) and a Riemannian metric g such that P 2 = id, g(P x, P y) = g(x, y)
for arbitrary x, y of the algebra X(M ) of the smooth vector fields on M . The tensor field P is called an almost product structure. The manifold (M, P, g) is called a Riemannian (pseudo-Riemannian, resp.) almost product manifold, if g is a Riemannian (pseudo-Riemannian, resp.) metric. If trP = 0, then (M, P, g) is an even-dimensional manifold. The classification from [3] of Riemannian almost product manifolds is made with respect to the tensor field F of type (0,3), defined by F (x, y, z) = g ((∇ x P ) y, z) ,
where ∇ is the Levi-Civita connection of g. The tensor F has the following properties:
F (x, y, z) = F (x, z, y) = −F (x, P y, P z), F (x, y, P z) = −F (x, P y, z).
In the case when g is a pseudo-Riemannian metric, the same classification is valid for pseudo-Riemannian almost product manifolds, too. In these classifications the condition F (x, y, z) + F (y, z, x) + F (z, x, y) = 0
defines a class W 3 , which is only the class of the three basic classes W 1 , W 2 and W 3 with nonintegrable structure P .
The class W 0 , defined by the condition F (x, y, z) = 0, is contained in the other classes. For this class ∇P = 0 and therefore it is an analogue of the class of Kählerian manifolds in the almost Hermitian geometry.
The curvature tensor field R is defined by R(x, y)z = ∇ x ∇ y z − ∇ y ∇ x z − ∇ [x,y] z and the corresponding tensor field of type (0, 4) is determined by R(x, y, z, w) = g(R(x, y)z, w).
Let {e i } be a basis of the tangent space T p M at a point p ∈ M and g ij be the components of the inverse matrix of g with respect to {e i }. Then the Ricci tensor ρ and the scalar curvature τ are defined as follows
The square norm of ∇P is defined by
It is clear that ∇P = 0 implies ∇P 2 = 0 but the inverse implication for the pseudo-Riemannian case is not always true. We shall call a pseudo-Riemannian almost product manifold isotropic P -manifold if ∇P = 0.
The Weyl tensor on a 2n-dimensional pseudo-Riemannian manifold (n ≥ 2) is
where
Moreover, for n ≥ 2 the Weyl tensor W is zero if and only if the manifold is conformally flat.
If α is a non-degenerate 2-plane spanned by vectors x, y ∈ T p M, p ∈ M , then its sectional curvature is 
Let us consider the manifold (G, g), where g is a metric determined by the conditions
or by the conditions
Obviously, g is a Riemannian metric if it is determined by (10) and g is a pseudo-Riemannian metric of signature (2,2) if it is determined by (11).
It is known that the metric g on the group G is called a Killing metric [1] if the following condition is valid
where X, Y , Z are arbitrary vector fields.
If g is a Killing metric, then according to the proof of Theorem 2.1 in [2] the manifold (G, g) is locally symmetric, i.e. ∇R = 0. Moreover, the components of ∇ and R are respectively
3 A Lie group as a Riemannian almost product manifold with Killing metric and nonintegrable structure
In this section we consider a Riemannian manifold (G, P, g) with a metric g determined by (10) and a structure P defined as follows
Obviously, P 2 = id. Moreover, (10) and (15) imply
Therefore, (G, P, g) is a Riemannian almost product manifold. For the manifold (G, P, g) we propose that g be a Killing metric. Then (G, P, g) is locally symmetric. From (13) we obtain
Then, according to (2) , for the components of F we have
Hence, having in mind (10), (15) and (16), we get
i.e. (G, P, g) belong to the class W 3 . According to (12), we have
Then the following decomposition is valid
Now we apply again (12) using (21). So we obtain
13 . We verify immediately that the Jacobi identity is satisfied in this case.
Let the conditions (22) be satisfied for a Riemannian almost product manifold (G, P, g) with structure P and metric g, determined by (15) and (10), respectively. Then we verify directly that g is a Killing metric.
Therefore, the following theorem is valid. From this point on, until the end of this section we shall consider the Riemannian almost product manifold (G, P, g) determined by the conditions of Theorem 3.1.
Using (18), (22), (15) and (16), we obtain the following nonzero components of the tensor F : The other nonzero components of F are obtained from the property F ijk = F ikj .
Let F be the Nijenhuis tensor on (G, P, g), i.e.
According to (15) and (22), for the square norm N 2 = N ik N js g ij g ks of N we get
For the square norm of ∇P , using (6), (10) and (17), we obtain
From (14), having in mind (10) and (22) 
The other nonzero components of R are obtained from the properties R ijks = R ksij and R ijks = −R jiks = −R ijsk . From (4), having in mind (10), we receive the components ρ ij = ρ(X i , X j ) of the Ricci tensor ρ. The nonzero components of ρ are:
The other nonzero components of ρ are obtained from the property ρ ij = ρ ji . For the scalar curvature τ , using (5), we obtain
From (7), having in mind (10), (26), (27) and (28), we get for the Weyl tensor W = 0. Then (G, P, g) is a conformally flat manifold. For the sectional curvatures k ij = k(α ij ) of basic 2-planes α ij = (X i , X j ), according to (8), (26) and (10), we have:
The obtained geometric characteristics of the considered manifold are generalized in the following Let us remark that the 2-planes α 13 and α 24 are P -invariant 2-planes, i.e. P α 13 = α 13 , P α 24 = α 24 . The 2-planes α 12 , α 14 , α 23 , α 34 are totally real 2-planes, i.e. α 12 ⊥ P α 12 , α 14 ⊥ P α 14 , α 23 ⊥ P α 23 , α 34 ⊥ P α 34 . Then the equalities (29) imply the following Theorem 3.3. Let (G, P, g) be the 4-dimensional Riemannian almost product manifold where G is the Lie group determined by (22), and the structure P and the metric g are determined by (15) and (10), respectively. Then
(ii) (G, P, g) is of constant totally real sectional curvatures iff
. 4 A Lie group as a pseudo-Riemannian almost product manifold with Killing metric and nonintegrable structure
In this section we consider a pseudo-Riemannian manifold (G, P, g) with a metric g determined by (11) and a structure P defined as follows
Obviously, P 2 = id. Moreover, (11) and (30) imply
Therefore, (G, P, g) is a pseudo-Riemannian almost product manifold. For the manifold (G, P, g) we propose that g be a Killing metric. Then (G, P, g) is locally symmetric and the equalities (13), (14), (17) and (18) are valid.
From (11), (30) and (31) we obtain (19), i.e. (G, P, g) is a W 3 -manifold. Now, the equalities (20) and (21) are also satisfied. According to (12), from (21) we obtain
13 . We verify immediately that the Jacobi identity is satisfied in this case. Let the conditions (32) be satisfied for a pseudo-Riemannian almost product manifold (G, P, g) with structure P and metric g determined by (30) and (11), respectively. Then we verify directly that g is a Killing metric. Therefore, the following theorem is valid. From this point on, until the end of this section we shall consider the pseudoRiemannian almost product manifold (G, P, g) determined by the conditions of Theorem 4.1. In an analogous way of the previous section, we get some geometric characteristics of (G, P, g). We obtain the following nonzero components of the tensor F :
The other nonzero components of F are obtained from the properties F ijk = F ikj . The square norms of the Nijenhuis tensor N and ∇P are respectively: 
